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Borcherds input data Metaplectic $\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$
full modular form [Bo2] $\Gamma_{0}(N)$
$\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$ higher
level modular form
$\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$ twist higher level
2 $\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$ Borcherds-oroduct 3
4 5
.
2 Borcherds products for $\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$
$L$ $(2, b^{-})$ non-degenerate even integral lattice $(, )$




1523 2006 109-114 109
$\tau$ $\sqrt{c\tau+d}$
$(\alpha, \phi(\tau))(\beta, \varphi(\tau))=(\alpha\beta, \phi(\beta\tau)\varphi(\tau))$
$\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$ $\mathbb{C}[L’/L]$ unitary lattice $L$ theta
theta Weil ‘.$\rho_{L}$
$f$ : $\mathfrak{H}arrow \mathbb{C}[L’/L]$ $\rho_{L}$ cusp






elliptic modular forms, holomorphic Jacobi forms, skew-holomorphic Jacobi forms $*$
Kohnen’s plus space $L$
Borcherds [Bol], [Bo2] $k=1- \frac{b^{-}}{2}$ \acute 2 $f$ Fourier (n), $\gamma\in$
$L’/L,$ $n<0$
$\Psi_{f}(Z)=\mathrm{e}((\rho_{f}(W), Z))$ $\prod$ $\prod$ $(1-\mathrm{e}((\delta, z’)+(\lambda, Z)))^{cs(\lambda^{2}/2)}$
$\lambda\in K’$ $\delta\in L_{0}’/L$
$(\lambda,W)>0_{p(\delta)=\lambda+K}$
lattice $L$ IV $L$ $\Gamma(L)$
weight $c\mathrm{o}(0)/2$
$Z$ IV tube domain realization $\mathfrak{H}_{b}-$ $\Gamma(L)$
$SO(L\otimes \mathbb{R})$ $SO^{+}(L\otimes \mathbb{R})$




Grassmannian $Gr(L)=$ { $v\subset L\otimes \mathbb{R}|\dim v=2$ , (, $)|_{v}$ : positive definite}
$\lambda\in L’,$ $\lambda^{2}<0$ $\lambda^{\perp}=\{v\in Gr(L)|v\perp\lambda\}$
$Gr(L)\text{ }$CD Heegner divisor $H(\gamma, n),$ $\gamma\in L’/L,$ $n<0$ &




$Gr(L)\simeq \mathfrak{H}_{b}-$ b- $H(\gamma, n)$ Heegner




$L=(2)\oplus II_{1,1}$ o $f(\tau)$ lattice (2) theta $\theta_{(2)}(\tau)$ Dedekind
$\mathrm{e}\mathrm{t}\mathrm{a}$ ( ) $\eta(\tau)^{2}$
$L=II_{1,1}\oplus II_{1,1}$ $f(\tau)$ $j(\tau)-744$ Monster Lie
$j(\tau)-j(\tau’)$
$L=(-2)\oplus II_{1,1}\oplus II_{1,1}$
$\circ$ f(\tau ) weak Jacobi form $\phi 0,1(\tau, z)([\mathrm{E}\mathrm{Z}] \S 9)$
$\Delta_{5}(Z)$
3
$f>1$ $\chi$ modulo $f$ real even primitive character $N\in \mathbb{Z}$
$f|N$ $\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$ $\tilde{\Gamma}_{0}(N)$
$\tilde{\Gamma}_{0}(N)=\{(\alpha, \phi)\in \mathrm{M}\mathrm{p}_{2}(\mathbb{Z})|\alpha\in\Gamma_{0}(N)\}$
$\{l\}$ : $\Gamma_{0}(N)$ cusp ,
$h\iota$ : $l$ ,
$\alpha_{l}\in \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}),$ $st\alpha_{l}(\infty)=l$ ,
$\tilde{\alpha}_{l}=(\alpha_{l}, \sqrt{c_{l}\tau+d_{\mathrm{t}}})\in \mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$ , $\alpha_{1}=$ .
$K$ non-degenerate even integral lattice $f$ : $\mathfrak{H}arrow \mathbb{C}[K’/K]$
$k\in \mathrm{z}^{\mathbb{Z}}1$ $(\alpha, \phi(\tau))\in\tilde{\Gamma}_{0}(N)$
$f(\alpha\tau)=\chi(a)\phi(\tau)^{2k}\rho_{K}(\alpha, \phi)f(\tau)$
$\Gamma_{0}(N)$ cusp meromorphic $f$
( ) $\mathrm{M}_{k}^{!}(\tilde{\Gamma}_{0}(N), \chi\cdot\rho_{K})$
$(2, b^{-})$ lattice $L$
IV
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$\rceil$ : $L=K\oplus M$ $K$ LLoorreennttzz llaattttiiccee $M$
$M=\mathbb{Z}z+\mathbb{Z}z_{\rangle}’z^{2}=z^{J2}=0,$ $(z, z’)=N$ $M\simeq II_{1,1}(N)$
2: $f$ $N$ –




$(_{k} \sum_{\mathrm{m}\mathrm{o}\mathrm{d} f}\chi(k)\overline{\rho}_{k}(\tilde{\alpha}_{l})7^{z,\epsilon})h_{l^{C}\gamma}(n)_{l}\in \mathbb{Z}$
$l$ :cusp, $\gamma\in K’/K,$ $\epsilon\in M’/M,$ $r$) .<0$
$\ovalbox{\tt\small REJECT}(Z)=\prod_{k\mathrm{m}\mathrm{o}\mathrm{d} f\lambda\in K’}$
$\prod$ $(1-\zeta^{k}\mathrm{e}((\lambda, Z)))^{\chi(k)c_{\lambda}(\lambda^{2}/2)}$
$\zeta=\mathrm{e}(1/f),$ $Z\in \mathfrak{H}_{b}-$
(i) $Im(Z)\gg \mathrm{O}$ $\ovalbox{\tt\small REJECT}_{b}-$
(ii) $\Phi_{f}$ $L$ $\Gamma(L)$ weight $\mathit{0}$ ( )
(iii) $\Psi_{f}\text{ }$ divisor $l\mathrm{f}$
$\frac{1}{2}\sum_{\iota}$
$\sum_{\gamma\in K’/K,\epsilon\in M/M},\sum_{n<0}(_{k}\sum_{\mathrm{m}\mathrm{o}\mathrm{d} f}\chi(k)\overline{\rho}_{\frac{k}{f}z,\epsilon}(\tilde{\alpha}_{l}))h_{l^{\mathrm{C}}\gamma}(n)_{l}H(\gamma+\epsilon, n)$
4
Borcherds product 3.1
$(b^{+}, b^{-})$ non-degenerate even integral lattice $L$ Siegel
theta $\tau\in \mathfrak{H},$ $v\in Gr(L)$






$\mathrm{M}\mathrm{p}_{2}(\mathbb{Z})$ $\Theta_{L}(\tau, v)$ higher level
twist
lattice $L$ character $\chi$ 3 $\Theta_{L,\chi}(\tau, v)$
$\Theta_{L,\chi}(\tau, v)=\sum_{\gamma\in K’/K}.\mathrm{c}_{\gamma}\theta_{K+\gamma,\chi}(\tau, v)$
,
$\theta_{K+\gamma,\chi}(\tau, v)=$ $\sum$ $\chi(k)\theta_{L+\gamma+\frac{k}{f}z}(\tau,$ $v)$ .
$k$ mod $f$
theta $(\alpha, \phi)\in\tilde{\Gamma}_{0}(N)$
$\Theta_{L,\chi}(\alpha\tau, v\rangle=\chi(a)\emptyset(\tau)^{2}\overline{\phi(\tau)^{b^{-}}}\rho_{K}(\alpha, v)\Theta_{L,\chi}(\tau, v)$
$f\in \mathrm{M}_{\mathrm{i}_{-b}^{1}-/2}(\tilde{\Gamma}_{0}(N), \chi\cdot\rho_{K})$
$\Phi_{f}(v)=\int_{\Gamma_{0}(N)\backslash \text{ }}<f(\tau),$ $\Theta_{L,\chi}(\tau, v)>y\frac{dxdy}{y^{2}}$
$f$ cusp





$\Psi_{f}$ Hardy-Ramanujan’s circle method Fourier
$\Phi_{f}$ Fourier $\Phi_{f}$
$\Phi_{f}(Z)=-4\log|\Phi_{f}(Z)|+2G(\chi)L(1, \chi)c_{0}(0)$
$\Phi_{f}$ Heegner divisor $\log$
$\Phi_{f}$
$\Phi_{f}$ divisor $\Phi_{f}$ $\Gamma(L)$
$\Psi_{f}$
113
5$N=f=p$ $p\equiv 1$ mod 4 character X $\chi(\cdot)=(R$. $)$ lattice $L$
$L=(2p)\oplus II_{1,1}(p)$
$\Theta(\tau)=\sum_{k\mathrm{m}\mathrm{o}\mathrm{d} 2p}e_{k}\sum_{n\equiv k\mathrm{m}\mathrm{o}\mathrm{d} 2p}\mathrm{e}(\frac{n^{2}}{4p}\tau)$
lattice $(2p)$ theta $\Theta(\tau)\in \mathrm{M}_{\mathrm{i}^{1}/2}(\rho_{(2p)})$
theta twist
$\Theta_{\chi}(\tau)=\sum_{k\mathrm{m}\mathrm{o}\mathrm{d} 2p}e_{k}\chi(k)\sum_{n\equiv k\mathrm{m}\mathrm{o}\mathrm{d} 2p}\mathrm{e}(\frac{n^{2}}{4p}T)$
$\Theta_{\chi}(\tau)\in \mathrm{M}_{\mathrm{i}^{1}/\mathrm{z}}(\tilde{\Gamma}_{0}(p), \chi\cdot\rho_{(2p)})$
31 $f$ $\Theta_{\chi}$
$\eta_{\chi}(\tau)=$ $\prod$ $\prod(1-\zeta^{k}q^{n})^{\chi(kn)}$ ,
$k$ mod $pn\geq 1$
$\zeta=\mathrm{e}(1/p)$ weight $0$
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